Abstract. Two descriptions of quaternionic K ahler quotients by proper group actions are given: the rst as a union of smooth manifolds, some of which come equipped with quaternionic K ahler or locally K ahler structures; the second as a union of quaternionic K ahler orbifolds. In particular the quotient always has an open set which is a smooth quaternionic K ahler manifold. When the original manifold and the group are compact, we describe a length space structure on the quotient.
Introduction
If M is a symplectic manifold admitting a proper symplectic action by a Lie group G, then in certain circumstances there is a G-equivariant moment map : M ! g . It is well known that if ?1 (0)=G is a manifold, then it admits a symplectic structure. In general, Sjamaar & Lerman 17] have shown that decomposing M by orbit type induces a canonical decomposition of the symplectic quotient into a union of symplectic manifolds. Furthermore, they show that this procedure provides a strati cation of ?1 (0)=G. Notice that as ?1 (0) may be singular, even the statement that decomposing by orbit type expresses the quotient as a union of manifolds is a non-trivial result.
We shall investigate this decomposition for some other quotient constructions arising in di erential geometry. Our primary interest will be in quaternionic K ahler quotients, but we shall also discuss the hyperK ahler and 3-Sasakian quotients. Some of the results of this paper were announced in 6].
1991 Mathematics Subject Classi cation. Primary 53C25; secondary 57S25, 54B15. 1 A hyperK ahler structure on a 4n-dimensional manifold M is a Riemannian metric g together with a triple I; J; K of covariant-constant complex structures, Hermitian with respect to g, which satisfy the quaternionic multiplication relations. Equivalently, the holonomy of g is contained in Sp(n). Each complex structure, together with the metric, de nes a K ahler (and hence symplectic) form. If a group G acts preserving the hyperK ahler structure then in particular it will preserve the symplectic forms. When moment maps for these symplectic structures exist, we can combine them into a hyperK ahler moment map : M ! g ImH and call ?1 (0)=G the hyperK ahler quotient of M by G. If this quotient is a manifold, then Hitchin et al. 11] showed that it is hyperK ahler. Our rst result is that in general, the decomposition of M into G-orbit types provides a description of the hyperK ahler quotient ?1 (0)=G as a union of hyperK ahler manifolds.
A quaternionic K ahler structure on a 4n-dimensional manifold M consists of a metric g and real rank-three subbundle G of End TM preserved by the Levi-Civita connection and locally generated by almostHermitian structures I; J; K behaving under composition like the multiplicative pure imaginary quaternions. Although I; J; K need not exist globally, there is a globally de ned G-valued two-form , which we shall call the structure tensor, given locally by = ! I I + ! J J + ! K K; where ! I is the two-form associated to I via g, etc. An equivalent de nition of quaternionic K ahler is that the holonomy of g reduces to Sp(n) Sp (1) . Any quaternionic K ahler manifold is Einstein.
Of course, a hyperK ahler manifold may be regarded as a special type of quaternionic K ahler manifold. In this case, I; J; K exist globally and de ne a covariant constant trivialisation of G. We shall exclude this case, even locally, when we talk about quaternionic K ahler manifolds in this paper. Equivalently, we require our quaternionic K ahler manifolds to have non-zero scalar curvature.
There is a quotient construction for quaternionic K ahler manifolds, due to Galicki & Lawson 8] . If G acts preserving the quaternionic K ahler structure of M, then for each 2 g, we may contract with the vector eld X generated by to obtain an element of 1 (G). Assuming that M is not locally hyperK ahler, it can be shown that there exists a unique 2 0 (G) such that r = X y . The equation h (x); i = (x) then de nes a G-equivariant section of g G. The quaternionic K ahler quotient is de ned to be the set ?1 (0)=G, and is quaternionic K ahler when G acts freely.
We shall show that a slight re nement of the Sjamaar-Lerman decomposition of M induces a description of ?1 (0)=G as a union of manifolds. An example of Galicki & Lawson shows that these manifolds are not always quaternionic K ahler. However we shall give a su cient condition for the manifolds to be quaternionic K ahler and show, in particular, that for an orbit type with connected stabiliser, the associated manifold in the decomposition of ?1 (0)=G is always quaternionic K ahler. We shall also give a su cient condition for a piece of the quotient ?1 (0)=G to have a K ahler covering space. For circle actions this will be seen to imply that each manifold in the decomposition is either quaternionic K ahler or has a K ahler cover. This conclusion also holds for torus actions on the classical Wolf spaces.
We shall also describe another, somewhat coarser, decomposition which expresses the quotient as a union of quaternionic K ahler orbifolds. So at the price of allowing orbifold singularities we can obtain a decomposition of ?1 (0)=G into quaternionic K ahler pieces. This enables us to show that ?1 (0)=G always has an open set which is a smooth quaternionic manifold. We conclude by discussing a way of giving each component of the quotient the structure of a length space.
In this paper we shall assume that the action of G is proper. As a result of Yau 20] states that the isometry group of a Riemannian manifold acts properly, this assumption will be satis ed whenever G is a closed subgroup of the isometry group.
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HyperK ahler Quotients
We rst recall some notation associated to group actions. Let a group G act on a set W, and let H be a subgroup of G. We H , and the result follows. Note that we have not shown that the hyperK ahler quotient is a decomposed space in the sense of Sjamaar & Lerman; the frontier condition is missing. In the symplectic case, this is proved using a local model constructed from the symplectic normal bundle to an orbit G=H in ?1 (0). Although the corresponding manifold in the hyperK ahler case admits a hyperK ahler metric 5], it does not provide such a universal model.
Boyer, Galicki and Mann 3, 4] have developed a quotient construction for 3-Sasakian manifolds. Given a 3-Sasakian manifold M, one may construct a hyperK ahler cone metric on P = R >0 M, and any action on M preserving the 3-Sasakian structure extends to a hyperK ahler action on P. From above, we see that P H is hyperK ahler, and we can deduce that M H is 3-Sasakian. The restriction of the 3-Sasakian moment map to M H is now the 3-Sasakian moment map for the action of L on M H . We obtain the following result. Moreover the composition of these inclusions is just the Lie algebra version of the isotropy representation of H at x. (3) is the covering map. However, the moment map is given by w 7 ! By de nition an almost quaternionic submanifold of M is a submanifold whose tangent space is invariant under the action of G End TM. Gray 9] shows that any almost quaternionic submanifold of a quaternionic K ahler manifold is quaternionic K ahler and totally geo- We shall now establish the smoothness result for arbitrary stabilisers. L and the restriction of to Q is the moment map for this action. Now, observe that Q M H 0 and so the G-stabiliser of a point x in Q contains the connected group H 0 and has the same dimension as H 0 . It follows that H 0 is the identity component of stab G (x), so H 0 is normal in stab G (x). Thus, stab G (x) is contained in N(H 0 ), so stab G (x) = stab N(H 0 ) (x).
Because H 0 = stab G (x) 0 , the stabiliser of a point in Q for the b Laction is discrete (in fact nite, as stabilisers for proper actions are compact); that is, the action of b L on Q is locally free. We deduce that
It follows from our remarks in the preceding paragraph that
which is smooth. As L = N(H)=H acts freely and properly on ?1 (0)\M 0 H , the result is established.
Non-quaternionic Pieces
Our next task is to study (M H \ ?1 (0))=L in more detail when M H is not quaternionic. We rst consider case (2), when (H) is a non-trivial cyclic subgroup of SO(3).
Let S be an L-orbit of path-components of M H;c . The image of is therefore the same up to isomorphism at di erent points of S. As S is a union of components of M H , it is a manifold. Let S (H) be the set of points swept out by applying the action of G to S. Therefore S (H) is a subset of M (H);c , and M (H);c is a union of sets S (H) for di erent choices of S.
At each point x of S, the representation of H on G x splits as the sum of a trivial representation L x and a non-trivial two-dimensional representation L ? x . Over S we therefore obtain subbundles L and L ? of G, of real rank one and two respectively. Since M H , and hence S, is totally geodesic, and H acts isometrically, we see that L and L ? are preserved by the Levi-Civita connection r S of S. Now G is oriented, and the holonomy of r S on G is contained in SO(3). The holonomy commutes with the action of H on G, so if the image of is a cyclic group of order greater than two, we see that the holonomy on L ? must lie in SO (2) . It follows that the holonomy on L is trivial, so we can nd a parallel section of L. This section de nes a K ahler structure I on S. The K ahler structure is invariant under the action of L 0 , the identity component of L = N(H)=H.
If the cyclic group has order two, then we have either a K ahler structure or a local K ahler structure I, depending on whether or not L is orientable.
We must therefore distinguish two subcases (a) L is trivial on S, and S is K ahler, (b) L is non-trivial on S, and S is locally K ahler, Let us assume rst that we are in case (a), when I de nes a global K ahler structure. If X 2 g, we write X for the X-component of .
As usual, we identify X with a Killing eld on M. We denote by i the inclusion of S in M. At this point it may be helpful to return to the example of the circle action on H P(n) discussed in x3. It can be checked that the image of is U(1) on M U(1) , cyclic on M Z=p+q and M Z=p?q , and trivial on M Z=2p
and M 1 . The associated manifolds in the quotient are respectively empty, K ahler, empty, quaternionic K ahler and quaternionic K ahler, which is consistent with our results.
Remark 5.4. Suppose that we have a torus action on one of the classical Wolf spaces F=K preserving the quaternionic K ahler structure. In each case, after conjugation in F, we may assume that the torus is contained in the standard maximal torus T of F. Using the description of for actions on Wolf spaces given in Example 4.1, it can be checked that the image under of each stabiliser for the action of T is either a circle, cyclic or trivial. We deduce that this also holds for the original torus action. It follows that in this case, as in the case of a circle action, the quotient consists of quaternionic K ahler and locally K ahler manifolds.
We can also show this for G 2 = SO(4) by exploiting its embedding as a submanifold of f Gr 4 (R 7 ). Finally we consider case (3), when for each x the image of is a subgroup of SO (3) which is dihedral, tetrahedral, octahedral or icosahedral. In this situation no point of G x is xed by H; equivalently no local almost complex structure is preserved by H. We nd that M H;nc is totally real with respect to all the local almost complex structures.
The following example shows that (M H;nc \ ?1 (0))=L need not admit any complex or quaternionic structure.
Example 5.5. Consider the action of Z=2 n S 1 on H P(n) de ned by the circle action of the example in x3 together with left multiplication on H P(n) by j. Let H be the subgroup Z=2 n Z=p + q. Then M H = f ju; 1] : u 2 R n n 0 g and M H \ ?1 (0) is the (n ? 1)-sphere. The group L = N(H)=H is isomorphic to Z=2 and changes the sign of u.
The associated piece in the quaternionic K ahler quotient is RP(n ? 1).
The next example shows that such real pieces occur even in quotients by compact connected groups. Example 5.6. Let SU(2) act irreducibly on H P(n) via the irreducible representation S 2n+1 C 2 = H n+1 . Write fx; yg for an orthonormal basis of C 2 = H with y = jx. Note that this is opposite to our conventions in the earlier examples but it is more convenient for describing the in nitesimal SU (2) where " is the sign of r 0 ? s 0 . However, this is the action of an element exp( 2 i=k) of H on the left and preserves the point p 2 H P(n). Note the above conditions together with the constraint r+s = 2n+1 = r 0 +s 0 force k to be even.
If X is a matrix in sp(n + 1) M n+1 (H), then with respect to our conventions in this example the corresponding moment map at w] 2 H P(n) is ?w t X w. Thus condition (5.4) Note from the above remarks that if (H) is non-trivial cyclic (respectively non-cyclic) then the dimension of M H will be at most half (respectively a quarter) of the dimension of M. We therefore get a bound on the dimension of the manifolds in the decomposition of the quotient which are not quaternionic K ahler.
6. An Orbifold Decomposition We shall now describe an alternative, coarser decomposition of quaternionic K ahler quotients. Let M ( H]) denote the set of points whose stabiliser has identity component conjugate to H. By analogy with our previous notation, we de ne M H] to be the set of points where the identity component of the stabiliser equals H. We can write Theorem 6.1. Equation (6.1) gives a canonical decomposition of the quaternionic K ahler quotient into a union of quaternionic K ahler orbifolds each of which is a nite quotient of a quaternionic K ahler manifold.
Note that each of these orbifold pieces contains a relatively open quaternionic K ahler piece as follows. Suppose G is a nite group acting isometrically and quaternionically on a quaternionic K ahler manifold M. Let 
A Length Space Structure
We have exhibited decompositions of the singular quaternionic K ahler quotient ?1 (0)=G into smooth Riemannian manifolds and into Riemannian orbifolds. We conclude by showing that each path component of the quotient can be endowed in a natural way with a length space structure. It is well-known that length spaces form a natural generalisation of Riemannian manifolds. For example, the quotient of a Riemannian manifold by a compact group, or the Gromov-Hausdor limit of a sequence of Riemannian manifolds, is always a length space even though it may not be a smooth manifold. On the other hand, length spaces have nice properties not shared by general metric spaces 10].
Assume now that M is complete and that G is connected. If C is a path component of ?1 (0), then we shall denote by d the restriction to C of the distance function on M de ned by the Riemannian metric. The singular space (C; d) is then a complete metric space, but not a length space. We now let d i denote the inner metric on C associated to d; that is, d i (x; y) is the in mum of the lengths of d-continuous Let us now further assume that M is compact. As M is Einstein, it is real-analytic as a Riemannian manifold 7], and hence the isometry group acts real-analytically 12]. Using compactness and a theorem of Nash 14] , we may embed M real-analytically and isometrically into a Euclidean space of some dimension. The formula for discussed in the proof of Proposition 4.2 shows that is real-analytic. Theorem 6.10 of Bierstone and Milman's paper 2] now implies that d i is a nite metric on C and endows C with the same topology as that inherited from M. In particular (C; d i ) is complete. Now d i is G-invariant because C and d are, so if G is compact the quotient C=G is naturally a metric space (just take distance between orbits) and it is easy to check that the quotient metric is complete and makes C=G into a length space. Note that exactly the same proof, again with the assumptions of compactness and connectedness, gives a length space structure on 3-Sasakian quotients.
